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Approximation by polynomials and extension of Parseval's 
identity for Legendre polynomials to the Lp case 
Z. CIESIELSKI 
To Professor Karoly Tandori on his 60th birth anniversary 
In this note we look at the B-spline polynomial basis in the space of real 
algebraic polynomials of order к i.e. of degree not exceeding к—1, k^ 1, over the 
interval /—( — 1,1). For a given sequence /0, ..., tk with t 0 ^ . . . s t k and / 0 <t k 
the corresponding B-spline of order к (cf. [6]) is the function 
N(t0, ..., tk; t) = ( / * - i 0 ) [ ' o , ' Ж - - О Т 1 , 
where the square bracket denotes the devided difference taken at t0,...,tk and 
m a x ( j , 0). In particular, for / = 0 , ..., к — 1, the spline 
NUk(t) = N ( - l , ..., - 1 , 1 , . . . , 1; t) 
i+l k-i 
is a polynomial of degree к— 1 in / and 
Clearly, we have the following properties: 
(1.2) N i t k?=Q for i = 0, ..., fc-1. 
(1.3) Z ^ C O ^ l for tei. 
i=0 
(1.4) = span [N0 k, ..., 
(1-5) f N " = T 
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For later convenience introduce 
c/,g)= f / g , 
i 
\ \ f h = { f \ f \ p ) 1 , p if 1 
•"•'Isl; = ( 2 l«ilp)1/p f o r and 1 S J É » , • 
• - ¡=0 
A^.P = NtJ(Niik, l )1" - Niik-(k/2y">, 
MUk = Niikil. Clearly, N i i k=Nj ! k toc. Now, Jensen's inequality and (1.3) imply for a£Rk 
(1.6) l l S U ^ J p ^ l l e l l , . 
¡=0 
The kernel for our approximation method is defined as follows 
(1.7) Rk(s, /) = Niik,p(s)Ni!kJt) = 2 Miik(s)Nitk(t) 
i=0 i=0 
with l f p + lfq=l. Cleaily, Rk is independent of p and 
(1.8) Rk(s, t) = Rk(t, s). 
(1.9) Rk(s, / )= s0 for s, tel. 
For /£Z,X(7) we also define 
(Rk№)= ff(s)Rk(s,t)ds. 
1 
It now follows by (1.5) and (1.3) that 
(1.10) Rkl = 1. 
Thus, the standard argument with Holder's or Jensen's inequality and (1.10) give 
f o r t h e n o r m of Rk: U(I)-~LP(1) 
(1.11) | | l U p = l for 1 
T h e o r e m 1. Let f£LP(I) if ls=/7<°° and let / € C ( 7 ) if p = °°. Then 
(1.12) » fc-0. 
P r o o f . Since we have (1.11) it is sufficient to check (1.12) in a dense set. For 
/ £ we have 
(1.13) / = "Z CjPj 
j=0 
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with some coefficients Cj, where P0, Pt, ... are the orthonormal on / Legendre poly-
nomials. In [3] we have proved 
(1.14) Rk(s, t) = 21 mhkPj(s)Pj(t), 
j = 0 
where 
Thus for / a s given in (1.13) and for k^n we have 
n - 1 
Ruf= 2 mi,kcjpj-
j=0 
However (1.15) implies that for each j, O^jSn — l, mjtk-*\ as fc ->- °° and therefore 
Rkf ^ "2 c j p j = f as k 
j=0 
and this completes the proof. 
R e m a r k . If we start with (1.14) and (1.15) as the definition of RK, then Theorem 
1 can be proved by a different method. Namely, extending the definition (1.15) by 







Now, the theory developed in [7] can be applied to obtain (1.12). The disadvantage 
of this approach is that it does not seem to imply (1.7). 
To state our next result we need some more definitions. In we introduce the 
descrete scalar product 
< / , g > = S 7 ( 0 g ( 0 . 
¡=0 
With respect to this scalar product the orthogonal Chebyshev polynomials u ^ e ^ j + i , 
j=0,...,k-l, are determined by the condition u^\0)=(j+1/2)1/2 (see e.g. [5]). 
Here u[J)(i) denotes the same value as u\^k in [3]. 
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T h e o r e m 2. Let f£Lp(l) if and let / € C ( / ) if p=°°. Then 
f ~ 2 cjPj we have 
j=0 
(1 k-1 k-1 \1/p 
(1.16) 2 \ 2 mj.kuP(i)cj\>\ /\\f\\p as k/°°, 
omax_^2Qrnhku^{i)Cj\/\\f\U as k/ 
Moreover, for p~2 (1.16) gives 
(1-17) { 2 m h k c ^ / \ \ f h as k / 
j=o 
R e m a r k . The relation (1.17) is equivalent to 
(1.18) ¿ c 5 = | | / | | i , 
j = 0 
and therefore (1.16) can be regarded as an extension to the L" case of (1.18). 
P r o o f . In [2] the following relation is established 
AT - AT , '" + 1 M Mi.k — -"¡.k + lH jT— -"i + l . t + l , 
which rewritten for the MUk s gives for i=0, ..., k — l 
k—i i + 1 
(1-19) = + 
It is important that the right hand side is a convex combination. Introducing 
\VP 
mkiP(f) = ( j "z U 
we get by (1.19) and Jensen's inequality that 
(i.20) w k , p ( f ) ^ m k + l i p ( f ) . 
Moreover Jensen's inequality and (1.3) give 
(1-21) * » » „ ( / ) 
Now, letting in (1.6) a—if Mhk) we obtain 
(1-22) 1 ^ / l l p S 2K*.p(/). 
The combination of the inequalities (1.20)—(1.22) gives 
(1.23) № / | ] p s aw k i P { f ) s m k + h p ( f ) ^ |/||p. 
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The next step is to identify 9J l k y P ( f ) by means of the Fourier—Legendre coefficients. 
It is proved in [3] that 
MUk = k2(MUk,PJ)Pj= k2mhkul»(i)Pj j=0 j=0 
and therefore 
(1-24) ( f MUk) = "Z mj.k uij) ( 0 c j , 
j=o 
whence we infer 
(2 k-1 \ 1 l p T 2 \ 2 mj.kuPiOcn . K i=0 j = 0 > 
To get (1.16) it remains to insert (1.25) into (1.23) and apply Theorem 1. Formula 
(1.17) we obtain from (1.16) by the following orthogonality relation (cf. [3]) 
and this completes the proof of Theorem 2. 
C o r o l l a r y . Let f£Lp(J) and 2  cjPj- Then | | / | |p can be numerically 
j = o 
evaluated by means of (cj). Indeed, we at first evaluate (1.24) and then (1.25). More-
over, inequalities (1.23) imply the following error estimate 
Q^\\f\\„-mk^f)^\\f-Rkf\\p. 
In particular, for f=Pj we get 
0 =£ \\Pj\\p-WkiP(Pj) ^ (l — mJ k)[¡PjUp. 
C o m m e n t s . Inequalities (1.20) and (1.21) are proved already in [4]. Theorem 
2 is related to the LP moment problem on finite interval by the formula 
where 
Ki = ff(s)[±±^ds. 
For more details we refer to [4] (see also [1]). 
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